Abstract. In this paper, we first introduce a class of nonlinear mappings called generic generalized nonspreading which contains the class of generalized nonspreading mappings in a Banach space and then prove an attractive point theorem for such mappings in a Banach space. Furthermore, we prove a mean convergence theorem of Baillon's type and a weak convergence theorem of Mann's type for such nonlinear mappings in a Banach space. These results generalize attractive point, mean convergence and weak convergence theorems proved by Lin and Takahashi [26], and Kocourek, Takahashi and Yao [21] in a Banach space.
Introduction
Let H be a real Hilbert space with inner product ⟨·, ·⟩ and norm ∥·∥, respectively and let C be a nonempty subset of H. Let T be a mapping of C into H. Then we denote by F (T ) the set of fixed points of T and by A(T ) the set of attractive points [36] of T , i.e., (i) F (T ) = {z ∈ C : T z = z};
(ii) A(T ) = {z ∈ H : ∥T x − z∥ ≤ ∥x − z∥, ∀x ∈ C}. A mapping T : C → H is called nonexpansive if ∥T x − T y∥ ≤ ∥x − y∥ for all x, y ∈ C. An important example of nonexpansive mappings in a Hilbert space is a firmly nonexpansive mapping. Let C be a nonempty subset of H. A mapping F : C → H is said to be firmly nonexpansive if ∥F x − F y∥ 2 
≤ ⟨x − y, F x − F y⟩
for all x, y ∈ C; see, for instance, Browder [4] and Goebel and Kirk [7] . It is known that a firmly nonexpansive mapping F can be deduced from an equilibrium problem in a Hilbert space; see, for instance, [3] and [5] . Recently, Kohsaka and Takahashi [24] , and Takahashi [35] introduced the following nonlinear mappings which are deduced from a firmly nonexpansive mapping in a Hilbert space. A mapping T : C → H is called nonspreading [24] if
for all x, y ∈ C. A mapping T : C → H is called hybrid [35] if
for all x, y ∈ C. They proved fixed point theorems for such mappings; see also Kohsaka and Takahashi [23] and Iemoto and Takahashi [16] . Motivated by these mappings, Kocourek, Takahashi and Yao [20] defined a broad class of nonlinear mappings containing the classes of nonexpansive mappings, nonspreading mappings and hybrid mappings in a Hilbert space. A mapping T : C → H is called generalized hybrid [20] if there exist α, β ∈ R such that (1.1) α∥T x − T y∥ 2 + (1 − α)∥x − T y∥ 2 ≤ β∥T x − y∥ 2 + (1 − β)∥x − y∥ 2 for all x, y ∈ C. We call such a mapping an (α, β)-generalized hybrid mapping. Then Kocourek, Takahashi and Yao [20] proved a fixed point theorem for such mappings in a Hilbert space. Furthermore, they proved the following mean convergence theorem which generalizes Baillon's nonlinear ergodic theorem [2] in a Hilbert space.
Theorem 1.1 (Kocourek, Takahashi and Yao [20]). Let H be a Hilbert space and let C be a nonempty closed convex subset of H. Let T : C → C be a generalized hybrid mapping with F (T ) ̸ = ∅ and let P be the mertic projection of H onto F (T ).
Then for any x ∈ C,
converges weakly to an element p ∈ F (T ), where p = lim n→∞ P T n x.
Recently Takahashi and Takeuchi [36] proved attractive point and mean convergence theorems without convexity for generalized hybrid mappings in a Hilbert space; see also Lin and Takahashi [25] . Such theorems were also extended to Banach spaces by Kocourek, Takahashi and Yao [21] and Lin and Takahashi [26] ; see also Lin, Takahashi and Yu [27] . Very recently Takahashi, Wong and Yao [37] introduced a broad class of nonlinear mappings in a Hilbert space which contains the class of contractive mappings and the class of generalized hybrid mappings. Then they proved attractive point and mean convergence theorems without convexity for such mappings in a Hilbert space. They also proved a weak convergence theorem of Mann's type [28] without closedness.
In this paper, motivated by these results, we first introduce a class of nonlinear mappings called generic generalized nonspreading which contains the class of generalized nonspreading mappings in a Banach space and then prove an attractive point theorem for such mappings in a Banach space. Furthermore, we prove a mean convergence theorem of Baillon's type and a weak convergence theorem of Mann's type for such nonlinear mappings in a Banach space. These results generalize attractive point, mean convergence and weak convergence theorems proved by Lin and Takahashi [26] , and Kocourek, Takahashi and Yao [21] in a Banach space.
Preliminaries
Let E be a real Banach space with norm ∥ · ∥ and let E * be the topological dual space of E. We denote the value of y * ∈ E * at x ∈ E by ⟨x, y * ⟩. When {x n } is a sequence in E, we denote the strong convergence of {x n } to x ∈ E by x n → x and the weak convergence by x n ⇀ x. The modulus δ of convexity of E is defined by
for every ϵ with 0 ≤ ϵ ≤ 2. A Banach space E is said to be uniformly convex if δ(ϵ) > 0 for every ϵ > 0. A uniformly convex Banach space is strictly convex and reflexive. Let C be a nonempty subset of a Banach space E. A mapping T : C → E is nonexpansive if ∥T x − T y∥ ≤ ∥x − y∥ for all x, y ∈ C. A mapping T : C → E is quasi-nonexpansive if F (T ) ̸ = ∅ and ∥T x−y∥ ≤ ∥x−y∥ for all x ∈ C and y ∈ F (T ), where F (T ) is the set of fixed points of T . If C is a nonempty closed convex subset of a strictly convex Banach space E and T : C → E is quasi-nonexpansive, then F (T ) is closed and convex; see Itoh and Takahashi [17] . Let E be a Banach space. The duality mapping J from E into 2 E * is defined by
for every x ∈ E. Let U = {x ∈ E : ∥x∥ = 1}. The norm of E is said to be Gâteaux differentiable if for each x, y ∈ U , the limit (2.1) lim t→0 ∥x + ty∥ − ∥x∥ t exists. In the case, E is called smooth. We know that E is smooth if and only if J is a single-valued mapping of E into E * . We also know that E is reflexive if and only if J is surjective, and E is strictly convex if and only if J is one-to-one. Therefore, if E is a smooth, strictly convex and reflexive Banach space, then J is a single-valued bijection. The norm of E is said to be uniformly Gâteaux differentiable if for each y ∈ U , the limit (2.1) is attained uniformly for x ∈ U . It is also said to be Fréchet differentiable if for each x ∈ U , the limit (2.1) is attained uniformly for y ∈ U . A Banach space E is called uniformly smooth if the limit (2.1) is attained uniformly for x, y ∈ U . It is known that if the norm of E is uniformly Gâteaux differentiable, then J is uniformly norm-to-weak * continuous on each bounded subset of E, and if the norm of E is Fréchet differentiable, then J is norm-to-norm continuous. If E is uniformly smooth, J is uniformly norm-to-norm continuous on each bounded subset of E. For more details, see [32, 33] . The following result is also well known; see [32] . Lemma 2.1. Let E be a smooth Banach space and let J be the duality mapping on E. Then, ⟨x − y, Jx − Jy⟩ ≥ 0 for all x, y ∈ E. Further, if E is strictly convex and ⟨x − y, Jx − Jy⟩ = 0, then x = y.
Let E be a smooth Banach space. The function ϕ :
where J is the duality mapping of E; see [1] and [18] . We have from the definition of ϕ that
for all x, y ∈ E, we can see that ϕ(x, y) ≥ 0. Furthermore, we can obtain the following equality:
where J is the duality mapping of E. It is easy to see that
If E is additionally assumed to be strictly convex, then
The following results are in Xu [41] and Kamimura and Takahashi [18] . 
for all x, y ∈ B r and λ with 0 ≤ λ ≤ 1, where B r = {z ∈ E : ∥z∥ ≤ r}. 
for all x, y ∈ B r , where B r = {z ∈ E : ∥z∥ ≤ r}.
Let E be a smooth Banach space. Let C be a nonempty subset of E and let T be a mapping of C into E. We denote by A(T ) the set of attractive points of T , i.e., A(T ) = {z ∈ E : ϕ(z, T x) ≤ ϕ(z, x), ∀x ∈ C}; see Lin and Takahashi [26] . The following result is crucial in our paper.
Lemma 2.4 ([26]). Let E be a smooth Banach space and let C be a nonempty subset of E. Let T be a mapping from C into E. Then A(T ) is a closed and convex subset of E.
Let E be a smooth Banach space and let C be a nonempty subset of E. Then a mapping T : C → E is called generalized nonexpansive [12] if F (T ) ̸ = ∅ and
for all x ∈ C and y ∈ F (T ). Let D be a nonempty subset of a Banach space E. A mapping R : E → D is said to be sunny if
for all x ∈ E and t ≥ 0. A mapping R : E → D is said to be a retraction or a projection if Rx = x for all x ∈ D. A nonempty subset D of a smooth Banach space E is said to be a generalized nonexpansive retract (resp. sunny generalized nonexpansive retract) of E if there exists a generalized nonexpansive retraction (resp. sunny generalized nonexpansive retraction) R from E onto D; see [11, 12] for more details. The following results are in Ibaraki and Takahashi [12] . Lemma 2.5 (Ibaraki and Takahashi [12] ). Let C be a nonempty closed sunny generalized nonexpansive retract of a smooth and strictly convex Banach space E. Then the sunny generalized nonexpansive retraction from E onto C is uniquely determined. Lemma 2.6 (Ibaraki and Takahashi [12] ). Let C be a nonempty closed subset of a smooth and strictly convex Banach space E such that there exists a sunny generalized nonexpansive retraction R from E onto C and let (x, z) ∈ E × C. Then the following hold:
In 2007, Kohsaka and Takahashi [22] proved the following results:
Lemma 2.7 (Kohsaka and Takahashi [22] 
Recently Ibaraki and Takahashi [15] also obtained the following result concerning the set of fixed points of a generalized nonexpansive mapping. Lemma 2.9 (Ibaraki and Takahashi [15] [32] for the proof of existence of a Banach limit and its other elementary properties. Using means and the Riesz theorem, we can obtain the following result; see [25] , [31] and [32] . In particular, we know the following result from [31] and [8] .
Lemma 2.11. Let E be a reflexive Banach space, let {x n } be a bounded sequence in E and let µ be a mean on l ∞ . Then there exists a unique point z 0 ∈ co{x n : n ∈ N} such that
Attractive point theorems
In this section, we introduce a new class of nonlinear mappings called generic generalized nonspreading which contains the class of generalized nonspreading mappings in a Banach space and then try to extend Lin and Takahashi's attractive point theorem [26] for generalized nonspreading mappings to this class in a Banach space. Let E be a smooth Banach space, let C be a nonempty subset of E and let J be the duality mapping from E into E * . Then a mapping T : C → E is called widely generalized nonspreading if there exist α, β, γ, δ, ε, ζ ∈ R such that
We call such a mapping a widely (α, β, γ, δ, ε, ζ)-generalized nonspreading mapping. A widely (α, β, γ, δ, ε, ζ)-generalized nonspreading mapping T : C → E is called generic generalized nonspreading if the following two conditoins are satisfied:
We call such a mapping a generic (α, β, γ, δ, ε, ζ)-generalized nonspreading mapping. A generic (α, β, γ, δ, ε, ζ)-generalized nonspreading mapping T : C → E is generalized nonspreading in the sense of Kocourek, Takahashi and Yao [21] if
), we obtain that ϕ(T x, T y) + ϕ(T y, T x) ≤ ϕ(T x, y) + ϕ(T y, x)
for all x, y ∈ C. Such a mapping is nonspreading in the sense of Kohsaka and Takahashi [24] . A nonspreading mapping is deduced from a resolvent of a maximal monotone operator in a Banach space; see [24] . Now using the technique developed by [31] , we prove an attractive point theorem for generic generalized nonspreading mappings in a Banach space.
Theorem 3.1. Let E be a smooth and reflexive Banach space and let C be a nonempty subset of E. Let T be a generic generalized nonspreading mapping of C into itself. Then the following are equivalent:
Additionally, if E is strictly convex and C is closed and convex, then the following are equivalent:
Proof. Let T be a generic generalized nonspreading mapping of C into itself. Then there exist α, β, γ, δ, ε, ζ ∈ R satisfying (3.1). Furthermore, (1)
and y ∈ C. If u is an attractive point, then we have that ϕ(u, T n x) ≤ ϕ(u, x) for all n ∈ N and x ∈ C. This implies (a) =⇒ (b). Let us show (b) =⇒ (a). Suppose that there exists x ∈ C such that {T n x} is bounded. Then for any y ∈ C and n ∈ N ∪ {0}, we have
Since {T n x} is bounded, we can apply a Banach limit µ to both sides of the inequality. We have that
Since there exists p ∈ E from Lemma 2.11 such that
for all y ∈ C. This implies that p ∈ A(T ). Additionally, assume that E is strictly convex and C is closed and convex. Then p ∈ co{x n : n ∈ N} ⊂ C. Putting y = p in (3.4), we obtain ϕ(p, T p) = 0. Since E is strictly convex, we have p ∈ F (T ). Therefore F (T ) is nonempty. It is obvious that if F (T ) ̸ = ∅, then {T n x} is bounded for every x ∈ C. This completes the proof.
Using Theorem 3.1, we have the following theorems in a Banach space.
Theorem 3.2 (Lin and Takahashi [26]). Let E be a smooth and reflexive Banach space. Let C be a nonempty subset of E and let T be a generalized nonspreading mapping of C into itself, i.e., there exist
for all x, y ∈ C. Then the following are equivalent:
Proof. If α+β = −γ −δ = 1 in (3.1), then the mapping is generalized nonspreading. Therefore we have the desired result from Theorem 3.1. [24] ). Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty closed convex subset of E. Let T : C → C be a nonspreading mapping, i.e.,
Theorem 3.3 (Kohsaka and Takahashi

ϕ(T x, T y) + ϕ(T y, T x) ≤ ϕ(T x, y) + ϕ(T y, x)
Proof. α = 1, β = δ = 0, γ = ε = −1 and ζ = 0 in (3.1), we obtain that
for all x, y ∈ C. Therefore we have the desired result from Theorem 3.1.
Using Theorem 3.1, we also have Takahashi, Wong and Yao's attractive point theorem [37] in a Hilbert space.
Theorem 3.4 ([37]). Let H be a real Hilbert space, let C be a nonempty subset of H and let T be a generic generalized hybrid mapping from
for all x, y ∈ C. Then T has an attractive point if and only if there exists z ∈ C such that {T n z : n = 0, 1, . .
.} is bounded. Additionally, if C is closed and convex, then T has a fixed point if and only if there exists
Proof. In a Hilbert space H, we have that ϕ(x, y) = ∥x − y∥ 2 for x, y ∈ H. Putting ε = ζ = 0 in (3.1) we obtain that
Therefore we have the desired result from Theorem 3.1.
Properties of generic generalized nonspreading mappings
In this section, we first discuss the demiclosedness property of generic generalized nonspreading mappings in a Banach space. Let E be a Banach space and let C be a nonempty subset of E. Let T : C → E be a mapping. Then p ∈ C is called an asymptotic fixed point of T [30] if there exists {x n } ⊂ C such that x n ⇀ p and lim n→∞ ∥x n − T x n ∥ = 0. We denote byF (T ) the set of asymptotic fixed points of T . A mapping T of C into E is said to have the demiclosedness property on C if F (T ) = F (T ). We have the following result for generic generalized nonspreading mappings in a Banach space. 
for all x, y ∈ C. Let {x n } be a sequence of C such that x n ⇀ z and lim n→∞ ∥x n − T x n ∥ = 0. Since the norm of E is uniformly Gâteaux differentiable, the duality mapping J on E is uniformly norm-to-weak* continuous on each bounded subset of E; see Takahashi [33] . Thus
for all w ∈ E. On the other hand, replacing x by x n in (4.1), we obtain that
Then we have from (2.2) that
Furthermore, we have from (4.3) that
Since From Matsushita and Takahashi [29] , we know the following result.
Lemma 4.2 (Matsushita and Takahashi [29]). Let E be a smooth and strictly convex Banach space, let C be a nonempty closed convex subset of E and let T be a mapping of C into E such that F (T ) is nonempty. Assume that ϕ(u, T y) ≤ ϕ(u, y)
for all u ∈ F (T ) and y ∈ C. Then F (T ) is closed and convex.
Using Matsushita and Takahashi [29] , we have the following result. Proof. Let T : C → E be a generic generalized nonspreading mapping satisfying (3.1). Putting x = u ∈ F (T ) in (3.1), we have that
αϕ(u, T y)+βϕ(u, T y) + γϕ(u, y) + δϕ(u, y) ≤ ε{ϕ(T y, u) − ϕ(T y, u)} + ζ{ϕ(y, u) − ϕ(y, u)} and hence (α + β)ϕ(u, T y) ≤ −(γ + δ)ϕ(u, y).
Since (1) α + β + γ + δ ≥ 0 and α + β > 0, we have ϕ(u, T y) ≤ −(γ + δ) α + β ϕ(u, y) ≤ ϕ(u,
y).
Using Matsushita and Takahashi (Lemma 4.2), we have the desired result.
Let E be a smooth and strictly convex Banach space. Let C be a nonempty subset of E. Matsushita and Takahashi [29] 
also gave the following definition: A mapping T : C → E is relatively nonexpansive if F (T ) ̸ = ∅,F (T ) = F (T ) and ϕ(y, T x) ≤ ϕ(y, x)
for all x ∈ C and y ∈ F (T ). Using Proposition 4.1, we prove the following theorem.
Theorem 4.4. Let E be a strictly convex Banach space with a uniformly Gâteaux differentiable norm, let C be a nonempty closed convex subset of E and let T be a generic generalized nonspreading mapping of C into E such that F (T ) is nonempty. Then T is relatively nonexpansive.
Proof. By assumption, F (T ) is nonempty. Since T is a generic generalized nonspreading mapping of C into E, we have that
ϕ(y, T x) ≤ ϕ(y, x)
for all x ∈ C and y ∈ F (T ). From Proposition 4.1, we also haveF (T ) = F (T ). Thus T is relatively nonexpansive.
As a direct consequence of Theorem 4.4, we have the following result.
Theorem 4.5 (Kohsaka and Takahashi [24]). Let E be a strictly convex Banach space with a uniformly Gâteaux differentiable norm, let C be a nonempty closed convex subset of E and let T be a nonspreading mapping of C into E such that F (T ) is nonempty. Then T is relatively nonexpansive.
Proof. A generic (α, β, γ, δ, ε, ζ)-generalized hybrid mapping T of C into E such that α = 1, β = δ = 0, γ = ε = −1 and ζ = 0 is a nonspreading mapping. From Theorem 4.4, we have the desired result.
Skew-Attractive Point Theorems
Let E be a smooth Banach space and let C be a nonempty subset of E. Let T : C → E be a generic generalized nonspreading mapping; see (3.1). This mapping has the property that ϕ(u, T y) ≤ ϕ(u, y) for all u ∈ F (T ) and y ∈ C. This property can be revealed by putting x = u ∈ F (T ) in (3.1); see the proof of Proposition 4.3. Similarly, putting y = u ∈ F (T ) in (3.1), we obtain that for any x ∈ C,
αϕ(T x,u) + βϕ(x, u) + γϕ(T x, u) + δϕ(x, u) ≤ ε{ϕ(u, T x) − ϕ(u, x)} + ζ{ϕ(u, T x) − ϕ(u, x)} and hence
α{ϕ(T x,u) − ϕ(x, u) + ϕ(x, u)} + βϕ(x, u)
+ γ{ϕ(T x, u) − ϕ(x, u) + ϕ(x, u)} + δϕ(x, u) ≤ (ε + ζ){ϕ(u, T x) − ϕ(u, x)}. From (1) α + β + γ + δ ≥ 0, we have that α{ϕ(T x,u) − ϕ(x, u)} + γ{ϕ(T x, u) − ϕ(x, u)} ≤ (ε + ζ){ϕ(u, T x) − ϕ(u, x)} and hence (5.1) (α + γ){ϕ(T x, u) − ϕ(x, u)} ≤ (ε + ζ){ϕ(u, T x) − ϕ(u, x)}.
Since ϕ(u, T x) ≤ ϕ(u, x) , we have that α + γ > 0 together with ε + ζ ≥ 0 implies that ϕ(T x, u) ≤ ϕ(x, u).
Motivated by this property of T and F (T ), we can give the following definition. Let E be a smooth Banach space. Let C be a nonempty subset of E and let T be a mapping of C into E. We denote by B(T ) the set of skew-attractive points of [26] . They [26] proved the following result.
T , i.e., B(T ) = {z ∈ E : ϕ(T x, z) ≤ ϕ(x, z), ∀x ∈ C}; see Lin and Takahashi
Lemma 5.1 ([26]). Let E be a smooth Banach space and let C be a nonempty subset of E. Let T be a mapping from C into E. Then B(T ) is closed.
Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty subset of E. Let T be a mapping of C into E. Define a mapping T * as follows:
where J is the duality mapping on E and J −1 is the duality mapping on E * . A mapping T * is called the duality mapping of T ; see also [39] and [9] . It is easy to show that if T is a mapping of C into itself, then T * is a mapping of JC into itself. In fact, for any x * ∈ JC, we have J −1 x * ∈ C and hence T J −1 x * ∈ C from the property of T . So we have
Then T * is a mapping of JC into itself. Lin and Takahashi [26] also proved the following result by using the duality mapping T * of T in a Banach space.
Lemma 5.2 ([26]). Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty subset of E. Let T be a mapping of C into E and let T * be the duality mapping of T . Then the following hold: (1) JB(T ) = A(T * ); (2) JA(T ) = B(T * ).
In particular, JB(T ) is closed and convex.
Let E be a smooth Banach space, let J be the duality mapping from E into E * and let C be a nonempty subset of E. A mapping T : C → E is called widely skew-generalized nonspreading if there exist α, β, γ, δ, ε, ζ ∈ R such that
αϕ(T y,T x) + βϕ(T y, x) + γϕ(y, T x) + δϕ(y, x) (5.2) ≤ ε{ϕ(T x, T y) − ϕ(x, T y)} + ζ{ϕ(T x, y) − ϕ(x, y)}
for all x, y ∈ C, where ϕ(x, y) = ∥x∥ 2 − 2⟨x, Jy⟩ + ∥y∥ 2 for x, y ∈ E. We call such a mapping a widely (α, β, γ, δ, ε, ζ)-skew-generalized nonspreading mapping. A widely (α, β, γ, δ, ε, ζ)-skew-generalized nonspreading mapping T : C → E is called generic skew-generalized nonspreading if the following two conditoins are satisfied:
(1) α + β + γ + δ ≥ 0; (2) α + β > 0. We call such a mapping a generic (α, β, γ, δ, ε, ζ)-skew-generalized nonspreading mapping. For example, a generic (1,0,-1,0,-1,0)-skew-generalized nonspreading mapping is a skew-nonspreading mapping in the sense of Ibaraki and Takahashi [14] , i.e.,
ϕ(T x, T y) + ϕ(T y, T x) ≤ ϕ(x, T y) + ϕ(y, T x), ∀x, y ∈ C.
Theorem 5.3. Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty subset of E. Let T be a generic skew-generalized nonspreading mapping of C into itself. Then the following are equivalent:
Additionally, if C is closed and JC is closed and convex, then the following are equivalent:
Proof. Let T be a generic skew-generalized nonspreading mapping of C into itself. Then there exist α, β, γ, δ, ε, ζ ∈ R such that (1) α + β + γ + δ ≥ 0, (2) α + β > 0 and 
αϕ(T y, T x)+βϕ(T y, x) + γϕ(y, T x)
+ δϕ(y, x) (5.3) ≤ ε{ϕ(T x, T y) − ϕ(x, T y)} + ζ{ϕ(T x, y) − ϕ(x, y)} for all x, y ∈ C. If B(T ) ̸ = ∅, then ϕ(T y, u) ≤ ϕ(y, u) for all u ∈ B(T ) and y ∈ C. If u ∈ B(T ), then we have that ϕ(T n x, u) ≤ ϕ(x,αϕ * (T * x * , T * y * ) + βϕ * (x * , T * y * ) + γϕ * (T * x * , y * ) + δϕ * (x * , y * ) = αϕ * (JT x, JT y) + βϕ * (Jx, JT y) + γϕ * (JT x, Jy) + δϕ * (Jx, Jy) = αϕ
(T y, T x) + βϕ(T y, x) + γϕ(y, T x) + δϕ(y, x).
On the other hand, we have
(T x, T y) − ϕ(x, T y)} + ζ{ϕ(T x, y) − ϕ(x, y)}.
Since T is generic skew-generalized nonspreading, we have from (5.3) that
This implies that T * is a generic generalized nonspreading mapping of JC into itself. Furthermore, we have that
for each x ∈ C and n ∈ N; see the proof of Lemma 3.1 in [6] . Thus if {T n x} is bounded for some x ∈ C, then {(T * ) n Jx} is bounded. We have from Theorem 3.1 that A(T * ) is nonempty. We also know from Lemma 5.2 that A(T * ) = JB(T ). Therefore B(T ) is nonempty. Additionally, assume that C is closed and JC is closed and convex. If {T n x} is bounded for some x ∈ C, then {(T * ) n Jx} is bounded. Then we have from Theorem 3.1 that F (T * ) is nonempty. We also have that JF (T ) = F (T * ). In fact, we have that for z * ∈ JC,
Therefore F (T ) is nonempty. The converse is obvious. This completes the proof.
Using Theorem 5.3, we have the following skew-attractive point theorem in a Banach space obtained by Lin and Takahashi [26] .
Theorem 5.4 ([26])
. Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty subset of E. Let T be a skew-generalized nonspreading mapping of C into itself. Then the following are equivalent:
, then the mapping is skew-generalized nonspreading. Therefore we have the desired result from Theorem 5.3.
Using Theorem 5.3, we have the following skew-attractive point theorems in a Banach space which is a generalization of Dhompongsa, Fupinwong, Takahashi and Yao [6] .
Theorem 5.5. Let E be a smooth, strictly convex and reflexive Banach space and let C be a nonempty subset of E. Let T : C → C be a skew-nonspreading mapping, i.e.,
ϕ(T y, T x) + ϕ(T x, T y) ≤ ϕ(y, T x) + ϕ(x, T y)
Proof. Putting α = 1, β = δ = ζ = 0 and γ = ε = −1 in (5.2), we obtain that
for all x, y ∈ C. Therefore we have the desired result from Theorem 5.3.
Nonlinear ergodic theorems
In this section, we prove a mean convergence theorem of Baillon's type for generic generalized nonspreading mappings in a Banach space. Before proving this result, we need the following lemma. 
ϕ(x, u).
We also know from Lemma 2.6 that for all u ∈ B(T ) and v ∈ C,
Since ϕ(T z, u) ≤ ϕ(z, u) for any u ∈ B(T ) and z ∈ C, it follows that
Hence the sequence ϕ(T n x, RT n x) is nonincreasing. Putting u = RT n x and v = T m x with n ≤ m in (6.1), we have from Lemma 2.3 that
where g is a strictly increasing, continuous and convex real-valued function with g(0) = 0. From the properties of g, {RT n x} is a Cauchy sequence. Therefore {RT n x} converges strongly to a point q ∈ B(T ) since B(T ) is closed from Lemma 5.1.
Using Lemma 6.1, we can prove the following result for generic generalized nonspreading mappings in a Banach space.
Theorem 6.2. Let E be a uniformly convex Banach space with a Fréchet differentiable norm and let C be a nonempty subset of E. Let T : C → C be a generic generalized nonspreading mapping such that A(T ) = B(T ) ̸ = ∅. Let R be the sunny generalized nonexpansive retraction of E onto B(T ). Then for any x ∈ C,
converges weakly to an element q ∈ A(T ), where q = lim n→∞ RT n x. Additionally, if C is closed and convex, then {S n x} converges weakly to an element q ∈ F (T ).
Proof. Take a fixed x ∈ C. Then for any y ∈ C and k ∈ N ∪ {0}, we have that
we have that
Summing up these inequalities with respect to k = 0, 1, . . . , n − 1 and dividing by n, we obtain that
where
Since {T n x} is bounded, {S n x} is bounded. Thus we have a subsequence {S ni x} of {S n x} such that {S ni x} converges weakly to a point u ∈ E. Replacing n by n i , we have that
Letting i → ∞, we obtain that
Using (2.3), we obtain that
Hence we have ϕ(u, T y) ≤ ϕ(u, y) and then u ∈ A(T ). Rewriting the characterization of the retraction R, we have that for any
So putting q = lim n→∞ RT n x, we have that
where K is an upper bound for ∥T k x − RT k x∥. Summing up these inequalities for k = 0, 1, . . . , n − 1, we arrive to ⟨
Suppose that {S ni x} converges weakly to a point u. Remembering that J is continuous, we get ⟨u − q, Jv − Jq⟩ ≤ 0, ∀v ∈ B(T ).
Putting v = u because u ∈ A(T ) = B(T ), we have u = q. Thus the sequence {S n x} converges weakly to the point q. Additionally, if C is closed and convex, then {S n x} ⊂ C and hence q ∈ C. Since q ∈ A(T ) and q ∈ C we have q ∈ F (T ). Therefore {S n x} converges weakly to an element q ∈ F (T ).
Using Theorem 6.2, we obtain the following theorems. 
converges weakly to an element q ∈ F (T ), where q = lim n→∞ RT n x.
Proof. We also know that α + γ > 0 together with ε + ζ ≥ 0 implies that
for
all x ∈ E and u ∈ F (T ). We also have that A(T ) = A(T ) ∩ E = F (T ) and B(T ) = B(T ) ∩ E = F (T ). Then A(T ) = B(T ).
Therefore we have the desired result from Theorem 6.2. 
converges weakly to an element p ∈ A(T ).
Proof. As in the proof of Theorem 3.4, a generic generalized hybrid mapping in a Hilbert space is a generic generalized nonspreading mapping in a Banach space. We also note that A(T ) = B(T ) from the definitions of A(T ) and B(T ) . Since A(T ) is a nonempty closed convex subset of H, there exists the metric projection of H onto A(T ). In a Hilbert space, the metric projection of H onto A(T ) is equivalent to the sunny generalized nonexpansive retraction of E onto A(T ). Therefore we have the desired result from Theorem 6.2. 
converges weakly to an element p ∈ F (T ).
Proof. If α+β = −γ−δ = 1 and ε = ζ = 0 in (3.1), then the mapping is generalizing nonspreading. Then we have from Theorem 6.5 that {S n x} converges weakly to an element p ∈ A(T ). Since C is closed and convex and {S n x} ⊂ C, the weakly convergent point p of {S n x} is in C. Hence we have from A(T ) ∩ C = F (T ) that p ∈ F (T ). This completes the proof.
Remark We do not know whether a nonlinear ergodic theorem of Baillon's type for nonspreading mappings holds or not.
Weak convergence theorems
In this section, we prove a weak convergence theorem of Mann's type for generic generalized nonspreading mappings in a Banach space. Before showing it, we prove the following lemma which is related to [40] .
Lemma 7.1. Let E be a smooth and uniformly convex Banach space and let C be a nonempty convex subset of E. Let T : C → C be a mapping such that B(T ) ̸ = ∅. Let {α n } be a sequence of real numbers such that 0 < α n < 1 and let {x n } be a sequence in C generated by x 1 = x ∈ C and
If R B(T ) is a sunny generalized nonexpansive retraction of C onto B(T ), then {R B(T ) x n } converges strongly to an element z ∈ B(T ).
Proof. Let m ∈ B(T ). Then we have that
Then lim n→∞ ϕ(x n , m) exists. Since {ϕ(x n , m)} is bounded, {x n } and {T x n } are bounded. Define
From Lemma 2.6 and (7.1), we have
Thus ϕ(x n , y n ) is a convergent sequence. We also have from (7.1) that for all m ∈ N,
From y n+m = R B(T ) x n+m and Lemma 2.6, we have
and hence
Using Lemma 2.3, we have that
where g : [0, ∞) → [0, ∞) is a continuous, strictly increasing and convex function such that g(0) = 0. Then the properties of g yield that R B(T ) x n converges strongly to an element z of B(T ).
Using Lemma 7.1 and the technique developed by [13] , we prove the following theorem. So lim n→∞ ϕ(x n , m) exists. Then we have that the sequence {x n } is bounded. This implies that {T x n } is bounded. Put r = sup n∈N {∥x n ∥, ∥T x n ∥}. Using Lemma 2.2, we have that ϕ(x n+1 , m) = ϕ(α n x n + (1 − α n )T x n , m)
Then we obtain
From the assumption of {α n }, we have that lim n→∞ g(∥T x n − x n ∥) = 0.
Since E is reflexive and {x n } is bounded, there exists a subsequence {x ni } of {x n } such that x ni ⇀ v for some v ∈ E. Since E is uniformly convex and uniformly smooth, and lim n→∞ ∥T x n − x n ∥ = 0, we have from Proposition 4.1 that v is an attractive point of T . Let {x ni } and {x nj } be two subsequences of {x n } such that x ni ⇀ u and x nj ⇀ v. We know that u, v ∈ A(T ). Put a = lim n→∞ (ϕ(x n , u) − ϕ(x n , v)). Since ϕ(x n , u) − ϕ(x n , v) = 2⟨x n , Jv − Ju⟩ + ∥u∥ 2 − ∥v∥ 2 ,
we have a = 2⟨u, Jv − Ju⟩ + ∥u∥ 2 − ∥v∥ 2 and a = 2⟨v, Jv − Ju⟩ + ∥u∥ 2 − ∥v∥ 2 . From these equalities, we obtain that ⟨u − v, Ju − Jv⟩ = 0.
Since E is strictly convex, it follows that u = v; see [32] . Therefore {x n } converges weakly to an element u of A(T ). On the other hand, we know from Lemma 7.1 that {R B(T ) x n } converges strongly to an element z ∈ B(T ). From Lemma 2.6, we also have ⟨x n − R B(T ) x n , JR B(T ) x n − Ju⟩ ≥ 0.
Since J is continuous, we have ⟨u − z, Jz − Ju⟩ ≥ 0. Since J is monotone, we also have ⟨u − z, Jz − Ju⟩ ≤ 0. Thus we have ⟨u − z, Jz − Ju⟩ = 0. Since E is strictly convex, we have z = u. This completes the proof.
As in the proofs of Theorems 6.4 and 6.5, from Theorem 7.2 we can prove the following weak convergence theorems. Theorem 7.3. Let E be a uniformly convex and uniformly smooth Banach space. Let T : E → E be a generic (α, β, γ, δ, ε, ζ)-generalized nonspreading mapping such that α + γ > 0 and ε + ζ ≥ 0. Assume that F (T ) ̸ = ∅ and let R be the sunny generalized nonexpansive retraction of E onto F (T ). Let {α n } be a sequence of real numbers such that 0 < α n < 1 and lim inf n→∞ α n (1 − α n ) > 0. Then a sequence {x n } generated by x 1 = x ∈ C and x n+1 = α n x n + (1 − α n )T x n , ∀n ∈ N converges weakly to z ∈ F (T ), where z = lim n→∞ Rx n . Theorem 7.4 (Takahashi, Wong and Yao [37] ). Let H be a Hilbert space and let C be a nonempty convex subset of H. Let T : C → C be a generic generalized hybrid mapping with A(T ) ̸ = ∅ and let P be the mertic projection of H onto A(T ). Let {α n } be a sequence of real numbers such that 0 < α n < 1 and lim inf n→∞ α n (1 − α n ) > 0. Then a sequence {x n } generated by x 1 = x ∈ C and x n+1 = α n x n + (1 − α n )T x n , ∀n ∈ N converges weakly to z ∈ A(T ), where z = lim n→∞ P x n .
Remark We do not know whether a weak convergence theorem of Mann's type for nonspreading mappings holds or not.
